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We consider two models of branched polymers (lattice trees) on the
d-dimensional hypercubic lattice: (i) the nearest-neighbor model in sufficiently
high dimensions, and (ii) a “spread-out” or long-range model for > 8, in which
trees are constructed from bonds of length less than or equal to a large
parameter L. We prove that for either model the critical exponent 8 for the
number of branched polymers exists and equals 5/2, and that the critical
exponent v for the radius of gyration exists and equals 1/4. This improves our
earlier results for the corresponding generating functions. The proof uses the
lace expansion, together with an analysis involving fractional derivatives which
has been applied previously to the seif-avoiding walk in a similar context.

KEY WORDS: Branched polymers; lattice trees; lattice animals; lace
expansion; critical exponents.

1. THE MODELS AND RESULTS

Recently” we used the lace expansion to prove that the lattice tree and
lattice animal critical exponents for the susceptibility and correlation length
of order two exist and take their mean-field values y=1/2 and v=1/4 in
two situations: (i) for the usual nearest-neighbor bond models on the
hypercubic lattice Z“ if the dimension d is sufficiently high, and (ii) for
“spread-out” or long-range models (defined below) if d>8 We now
consider the more detailed question of the existence of the critical
exponents for the number of n-bond trees and the radius of gyration.
Mathematically this question asks for the large-n asymptotics of a
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sequence, given the behavior of its generating function near the closest
singularity to the origin.

To simplify the discussion, we restrict attention to lattice trees,
although we expect that a similar analysis can be carried out for lattice
animals in the above two situations. Our results are that for the above two
models the exponent 6 for the number of n-bond trees exists and equals
5/2, and the exponent v for the radius of gyration exists and equals 1/4. The
method of proof uses the lace expansion of refs. 1 and 2, together with the
“fractional derivative” analysis used in ref. 3 to study the analogous
problem for the self-avoiding walk. However, a new technical difficulty
arises in the application of these ideas to branched polymers, due to a
delicate cancellation in our expression for the amplitude in the asymptotic
formula for the number of #-bond trees.

The basic definitions are as follows. A nearest-neighbor bond in Z¢ is
an unordered pair of sites in Z“ separated by unit Euclidean distance. A
nearest-neighbor tree is a connected bond cluster with no closed loops,
constructed from nearest-neighbor bonds. Spread-out trees are connected
bond clusters with no closed loops, constructed from bonds given by pairs
of distinct sites x, y e Z with ||x — y| ., < L, where L is a parameter which
will be taken to be large depending on the dimension. Although trees are
defined to be sets of bonds, we will say that a tree T contains a site x if
x is an endpoint of a bond in T. For x € Z% we denote by ¢,(x) the number
of trees consisting of » bonds [and hence (n+1) sites] which contain
both x and the origin. For n=0 we set f4(x)=4d,,. Let ¢,=2, t,(x)=
(n+1)- # {n-bond trees containing the origin}, and let a,=1¢,/(n+1)* be
the number of n-bond trees modulo translation. It is known® from a
subadditivity argument that the limit

A= lim a"=supal” (1.1)

n— 0 nzl

exists and is nonzero and finite, and it is widely believed® that in all
dimensions there are constants A, # such that

a, ~ Al =" (1.2)

(with a logarithmic correction for d=8). Here the symbol ~ means that
the ratio of the left and right sides approaches unity as » goes to infinity.
The best general rigorous bounds are A"z ~90°¢" g < A" the upper
bound is given by (1.1) and the lower bound is obtained in [ref. 6]. The
critical exponent 6§ is believed to depend only on the dimension, and in
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particular to be the same for both the nearest-neighbor and spread-out
models, for any L > 1. The mean radius of gyration R,, is given by

R:=

1 1 _

3 YixlPrx)== 3 Y lx—%q? (1.3)
t" x tﬂ Ta0:|Tl=n xeT

where |x| denotes the Euclidean length of x, X;=(n+1)"'3, ., x is the

center of mass of 7, and | 7] denotes the number of bonds in 7. The radius

of gyration is believed to satisfy

R, ~ Dn’ (14)

for some D and v, with v depending only on the dimension (again with a
logarithmic correction for d=38). See [ref. 7] for a recent Monte Carlo
analysis of v, including dimensions d= 2§, 9.

The main result of this paper is the following theorem.

Theorem 1.1. For the nearest-neighbor model in sufficiently high
dimensions, or for the spread-out model with d>8 and L > L, for some
sufficiently large L,= L,(d), there are positive A, D such that:

(@) a,=AA"n"*?[1+ 0(n *)] for any ¢ <min{1/2, (d—8)/4}.
(b) R,=Dn'"[1+0(n *)] for any e <min{1/2, (d—8)/4}.
The point of departure of the proof is the results obtained in ref. 1 for

the corresponding generating functions. These generating functions are
defined in terms of the two-point function, which is given by

G.(x)= § tx)z" (1.5)

n=0

The susceptibility is then defined by

0

w2)= Y Gx)= Y 1,2 (1.6)

xezd n=0

and the correlation length of order two is defined by

1 2 o XTao Tl =n (BT 1)Rizn]l/2
HNZ) =) —= ’G, =2 AT =n 1.7
HE=| ;5 (x)] [ S S o D7 (L7

Let z,=A""'. It was proved in ref. 1 that for the nearest-neighbor model
above some dimension d,, and for the spread-out model with 4> 8 and L
sufficiently large,

W)~ (z,—z) 717 (1.8)
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and
&) x(z,—2) 1 (1.9)

where f(z) = g(z) means that there are positive constants ¢, ¢, such that

¢; g(z) < f(z) < ¢, g(z) uniformly in positive z < z,. [In this paper (1.8} and

(1.9) are improved to asymptotic formulas, with bounds on the errors. ]
To prove Theorem 1.1(a), we begin by writing

B
X(Z)=a';7—)l/‘2‘+éa(z) (1.10)

The lace expansion was used in ref. 1 to obtain a formula for y(z), in terms
of which B and &(z) can be identified. We do this in the next section, using
the notation and ideas of ref. 1. We then apply Lemma 3.3 of ref. 3, which
states in particular the following.

Lemma 1.2. Let f(z)=>7 ,c,z" have radius of convergence
greater than or equal to R>0. If for some »>=1 the bound |/’ (z)| <
const-|R—z|? holds uniformly in |z| <R, then |c,|<O(R "n~*) for
any ¢ <2—b. '

The coefficient of z” in the series expamsion of (z,—z) Y% is
asymptotic to a multiple of A"n~ "2, with a correction of order A"n %2 If
it could be shown that for ¢ <min{1/2, (d—8)/4}

|6"(z)| <const- |z, —z|* ¥ (1.11)

uniformly in |z|] <z,, then by Lemma 1.2 it would follow that the
coefficient of z” in &(z) is O(z"n~*) for every a <&+ 1/2, and hence by
(1.10) that t,=AAi"[n~ Y24+ O(n=*)], which gives Theorem 1.1(a). Thus,
Theorem 1.1(a) follows from (1.11). In the next section we reduce the proof
of (1.11) to some basic estimates.

The amplitude A can be calculated easily in terms of B. Also, integra-
tion of (1.11) gives the bound

|€(z)| < const - |z, —z|*~ 17 . (1.12)

for the error term in (1.10).

2. REDUCTION OF THE PROOF TO SOME BASIC ESTIMATES

In this section we prove Theorem 1.1, given the bounds of Lemma 2.1
below. To state the lemma, we first need to recall some definitions and
notation from refs. 1 and 3.
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Our starting point is the following formula for the susceptibility, which
is given in (3.8) of ref. 1:

k(0 . .
(=20 f0)=1-0:h00) 21)
F(0)
Here ©Q is the coordination number, given by € =2d for the nearest-
neighbor model and Q=(2L+1)*—1 for the spread-out model. The
function h,(k) is given by

hotk)= g, + (k) (2.2)
where
g.=Y 2" (2.3)
T>0

and I7,(k) is defined in Section 2.1.1 of ref. 1. It is shown in ref. 1 that for
the spread-out model with d>8 and L sufficiently large,

g.<4 and I (k)<O(L'~9) (2.4)

uniformly in |z| < z,. It is also shown that z, < O(L 7). Similar bounds can
be obtained for the nearest-neighbor model in sufficiently high dimensions.
However, to simplify the exposition, we restrict attention in the remainder
of this paper to the spread-out model; analogous considerations hold for
the nearest-neighbor model.

We also use the following definition of “fractional derivatives.” Given
a power series f(z)=>2_,c,z" and £¢>0, we define

5 f(z) = i nec,z" (2.5)

We define a norm on power series by setting

/@)=Y ledl 12"

This norm satisfies || f(z) g(2)I| < || f(2)I| | g(z)l|. Suppose that the radius of
convergence R of f(z) is finite and nonzero. For ¢ (0, 1) it is proved in
Lemma 3.2 of ref. 3 that for |z| <R

| f(z) = AR <2' 16 f(R)I |1 —2/RI? (2.6)

The following lemma will be proved in Section 3.
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Lemma 2.1. For any 4> 8 there is an L, such that for L > L, the
following hold.

(i) |F(0)| <K |1 —z/z.|Y for all |z| <z, with K independent of L.

(ii) [|5§[zfzz(0)] .| <KQ~', for any y < 1/2, with K independent of
L (but dependent on v).

(iii) For any z with |z| <z, and for any ¢ <min{1/2, (d— 8)/4},
d .
7 (k) = [292x(z) + 1] ¥(k) (2.7)
where
2QP(0)=b+ B(z)

with lim, _, , 5=0, |f(z)| <K1J1 —z/z,|® with K, independent of L (but
dependent on ¢), and lim, ,  ¥,(0)=0.

(iv) For any e<min{1/2, (d—8)/4}, |6°VI,(0) <KL’ with K
independent of L (but dependent on ¢).

(v) For any z with |z| <z, and for any ¢ <min{1/2, (d —8)/4},
d 277 2+d —1
c—i_VkHZ(O) <KL [l —z/z |*
Z

with K independent of L (but dependent on &).

The following bounds are immediate consequences of (2.6) and
Lemma 2.1(ii), (iv). For any |z| €z,

2.k, (0)—zh(0)| < C, Q' |1 —z/z,|° (2.8)

and
|Viﬁzc(0)—V,2€ﬁz(0)| <C,L* |1 —z/z|° (2.9)

where C, and C, are independent of L.

2.1. ldentification of B and &

In this section we identify the constant B and function & of (1.10). We
will use the fact that

d
= (#8:)=1(2) (2.10)

which can be seen from (2.3) and (1.6).
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It follows from results of ref. 1 that F,(0) is analytic in |z| <z, and
continuous on |z| <z.. Because y(z) diverges at z,, it follows that
F,(0)=0. By (2.1), (2.2), (2.10), and (2.7},

LO_ g {x(z) +4 [zﬁz(on} = —04()[1 +2Q%,(0)] - 2¥,(0)
dz dz
(2.11)
Therefore
—2F(0) % =2Qh (0)[1+zQ¥.(0)]+2QF,(0) ¥,(0) (2.12)

Integrating (2.12) along a contour joining z to z. and using the fact that
F,(0)=0 gives

F(0)2=2Q J (h(O)[1+:2Q%,(0)]+F(0)P.(0)}dz  (2.13)

By (2.13),
F(0)>=B(z,—z)+ E(z) (2.14)

where szZQ(l—f-b)ﬁzc(O) (6 is the constant of Lemma 2.1(iii)} and
E(z)=E\(z) + E5(2) + E5(z), with

E\(z)=20Q f [7.(0) — A, (0)1[1 + zQ¥,(0)] dz (2.15)
Ey(z) = 204, (0) f [2Q%.(0)—b] dz (2.16)

and
Ey(z)=20 j F.(0) ¥.(0) dz 2.17)

This gives
1 1

£ B2 (19)

with

1—[14B;%z,—z)" ' E]"?

A P L

(2.19)
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Therefore
h,(0) B
- = & 2.20
e (220
with . )
h.(0) h,(0) 72
B=—% 2[29(1+b)] (2:21)
and
h(0)—h.(0) .
&(z)= +h(0) &(z) (2.22)

By(z.—2)"?

2.2. Proof of Theorem1.1(a) Given Lemma 2.1

As observed at the end of Section1, to prove Theorem 1.1(a), it
suffices to show that |&'(z)| <const-|z,—z|* 3% for all |z|<z. (the
constant can depend on L). By (2.22), we have

ﬁ, ilz_ :

z

Biz.—2)” 2Bz, —2)"

Ze

&'(z) = FhE()+h,E(z) (223)

It is routine to bound each term on the right side, given the following
lemma.

Lemma 2.2. For any d> 8 there is a ¢ >0 (independent of L) and
an L, >0 such that for L= L,

|F0) 2 c|1—z/z|'" (2.24)
for any z with |z| < z,.

Proof. Let w=z/z,; we are interested in |w|<1. We prove (2.24)
separately for w in a neighborhood of 1 and outside of this neighborhood.

Beginning with w near 1, we first observe that since lim, , ,, b=0,
M,(0)<O(L' ") and g, > 1, we have B} > Q for L sufficiently large. Hence
by (2.14)

|F(0) 2 Q |z, —z| - | E(2)] (225)

Lemma 2.1 can be used in conjunction with (2.6) to show that for
e<min{1/2, (d—8)/4} there is a constant K, independent of L, such that

|E(2)| < Qz,K |1 —z/z,|'** (2.26)
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Since cm(o) =0 and 1/2 <fzzc(0) <9/2, we have

1 2 2
<—<0= AI <— (2.27)
5z, 9z z,

o
N
o
-
o
—
e
~—

Using (2.26) and (2.27) in (2.25) gives

[F,(0)%| % 1 —w|(1—10K |1 —w|?)
This gives
- 1
1F2(0)|>71—611—w|1/2 (2.28)

for z such that |w| <1 and |1 —w| < (20K) "'~

Let U denote the closed unit disk in the w-plane, and V= {we U:
|1 —w| < (20K)~"#}. It remains to obtain the bound (2.24) on the set U\ V.
For this it suffices to show that on the boundary of U\V, |F,(0)| = ¢’ for
some positive constant ¢’ which does not depend on L. In fact, given such
a bound it would then follow from the maximum modulus principle
applied to 1/F,(0) (which would be analytic in w in the interior of U \V
and continuous on its boundary) that for we U\V,

¢ i

1F0) 2= —W|U2>c—2|1-wll/2 (2.29)

C
|1——w!1/2!1

A positive L-independent lower bound on F(0), for w in the intersection
of the boundaries of U\V and V, follows immediately from (2.28). The
remainder of the proof gives such a bound for the remainder of the
boundary of U\V, ie, for w=e? with #e[f,,2n—0,], for some
positive 0, which is independent of L.

By (2.1) with z=z_e",

IF(0) 21—2.2 |g.| — 2.2 |IT(0)] (2.30)
We define &, by subtracting the two lowest-order terms in g,
g.=g.—1-Qz (2.31)
Then g, is a power series in z with positive coefficients, and hence

g.l1<g., (2.32)
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for |z| <z,. Direct calculation, for z=z_e", gives

8.7 —lg:l* =187 —14.1” + 2(&.,— Re &)
+2Qz,(1 —cos 0)+2Qz(g, —cosO Re &, —sin6Im &)
(2.33)
Using (2.32), we conclude that
|g,.|* — 1 g:1* >2Qz.(1 —cos 0) (2.34)

The above inequality gives an upper bound for |g.[, which when
substituted in (2.30) leads, in conjunction with 1 =Qz_ g, +Qz, 1, (0) and
(2.4), to

|F,(0)] = Qz, [ng {1 - [1 - mf“ (1 —cos 9)]1/2} —K'L! *d} (2.35)

Ze

for some K’ which is independent of L. Using (2.4} and (2.27) gives

IE.(0)] %[1_@_1%(;)%)”]_0@14) (2.36)

The right side is bounded below by a positive constant, independent of
sufficiently large L, for 8¢ [0,,2n—6,]. 1

Now, to bound (2.23), we proceed as follows. We first note that by
(2.10), (2.4), and Lemmas 2.1 and 2.2,

AL < O(z,—z]~'?) (2.37)

This gives the desired bound for the first term on the right side of (2.23).
For the second term, we just use (2.8) to obtain lh —h,| <const-|z,—z|"
For the last two terms, it suffices to show that |é" | <O(|z,—z|***). In
view of (2.19), for this it suffices to show that |E’| < O(]z.— z|°). This last
bound follows from (2.15)-(2.17) and Lemma 2.1.

This completes the proof of Theorem 1.1(a), given Lemma 2.1.

2.3. Proof of Theorem1.1(b) Given Lemma 2.1

In this section we give the proof of Theorem 1.1(b), given Lemma 2.1.
Given a function f on Z“ we define its Fourier transform by

=Y f(x)e* 7, ke[—n,n]? (2.38)
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whenever the right side makes sense. Then the radius of gyration (1.3)
satisfies

27 (0
R2= —kz—;(—) (2.39)

where V, denotes the gradient. Given Theorem 1.1(a), to prove
Theorem 1.1(b) it suffices to show that

V27 (0)=const - A"[ 1 + O(n—*)] (2.40)

The left side is the coefficient of z” in V2G,(0), where, by Eq. (3.8) of ref. 1,

6.k =—E)
1 —z |Q| D(k) h.(k)
with
D"(k) =é z eik-x

1%l < L,x 0
Making use of symmetry, a straightforward calculation gives

_ Qzh(0)* V2D(0) + V211,(0)
F,(0)

V2G,(0) (2.41)

To prove (2.40), by Lemma 1.2 it suffices to show that

A t
Vz GZ(O) _ cons

+ &,(2)

Z,—Z
with |&5(z)| <const - |z, —z|* 2 for all |z| <z,. This can be shown using
(2.41), employing Lemma 2.1 as in Section 2.2. It is at this point that (2.9)
and Lemma 2.1(v) are used. This completes the proof of Theorem 1.1(b).
Integrating the bound on & gives |&(z)| <const-|z,—z|°~!, which
with (1.12) improves (1.9) to

const
=)

&a(2)= +0(z.—z|*"'?) (2.42)

822/67/5-6-12
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3. PROOF OF LEMMA 2.1

To complete the proof of Theorem 1.1, it remains to prove Lemma 2.1.
In this section we prove Lemma 2.1, given the bounds in Lemma 3.1 below
on the quantity ¥_(k) occurring in the equation

d -
7, LK) = [2025(z) + 1] ¥ (k) (3.1)

stated in Lemma 2.1(iii). Lemma 3.1 is proved in Section 4.

We restrict attention to spread-out trees for d> 8. Nearest-neighbor
trees in sufficiently high dimensions can be treated similarly. In this and the
next section, we use K; (i=1, 2,...) to denote positive constants which are
independent of L but may depend on ¢ or y of Lemma 2.1. We always take
L sufficiently large that the analysis of ref. 1 is valid.

We begin by stating several estimates. In addition to the bounds stated
already in (2.4), it is shown in Section 3.2 of ref. 1 that for |z| <z,

\V2IT.(k)| <K, L*> (3:2)

Also, it follows from (2.4) and Lemma 2.2 that for |z| <z,

h.(0)

A—'"ng
F(0)

z

Z |12

1-=
z

lx(2)l = (3.3)

c

Arguing as in (3.10)—(3.12) of ref. 1, and using (2.27), for ze [(52) ', z,)
and L sufficiently large we have

F (k)= Ks[x(z) ™' + k21 2 Ku[ (1 —2/2,) " + k7] (34)
and for ze [0, (52) '] we have
F k)= K (1 —z/z,)"? = K, (1 — 9/10) " (3.5)
Combining (2.4) and (3.5) then shows that for ze [0, (52) '],
1(2)< K, (3.6)

The following lemma gives bounds on ¥, (k). It will be proved in
Section 4. For the statement of the lemma we define

1, d>10
n(x)=<{ (1+|Inx))%, d=10 (3.7)
x(10-d)2, d<10
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This quantity occurs as an upper bound for a variety of Feynman diagrams
with massive propagators that we will encounter. The simplest such
diagram is the pentagon diagram

1 d% i
J[ et () 2myd S Om 7)) (3.8)

(as m* — 0); such estimates will be discussed in more detail in Section 4.3.2.
Lemma 3.1. Let d>8. For L sufficiently large (3.1) is satisfied,

with ¥,(k) a power series in z (without constant term) satisfying the
following bounds for any z with 0<z<z,:

Llim P (k)y=0 (3.9)
frof<cian oo
y4 Z.

IVE2.(0) < KL?n(x(2)) (3.11)

In the remainder of this section we give the proof of Lemma 2.1,
assuming Lemma 3.1. In preparation for the proof we recall the following
identity from Lemma 3.1 of ref. 3. Let f(z)=3Y%_,¢,z" be a power series
with radius of convergence R > 0. Then for any z with |z| < R and for any
ee(0, 1),

165 /() Cl_EIZlf | £/ Tz exp(— AV =N ]|l exp(— 2V =) dAd (3.12)

where C, ,=[(1—-e)I'(1—¢)] "

Proof of Lemma 2.7(i). We use (2.4), (2.27), and (3.9) in (2.12), to
conclude that

dF (0)

‘2F 0) ==

‘ < KQ (3.13)
Iptegrating the above along the line segment connecting z to z,, using
F,(0)=0, gives

|F0)’<KQ|z—z| <K |l —z/z] (3.14)

where we used (2.27) in the last step.
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Proof of Lemma 2.7(ii). By (3.12),

16202h.(0) 1.1 =Cy 2. Jo“’ ) exp(— 10—

d -
\ E (th(O)) |zC exp(— AWL-7))

(3.15)
By (2.10) and (3.1), the derivative in the integrand satisfies
d - .
ng- (th(O))H <x(z1)+ [zl Qx(lz[) + 11 |¥.(0)] (3.16)

By (3.3) and (3.9), for z€ (0, z.) the right side can be bounded absolutely
to give

i(zﬁ,(O))H <K7<1-3>_1/2+K8 (3.17)

V4

<

Substituting the above bound into (3.15), and using (2.27) to bound z,,
(3.15) is bounded absolutely by

Ko @ [ diexp(— 20 ) {[1—exp(=210 )]+ 1) (318)

The desired result now follows from the fact that the above integral is finite
for y < 1/2.

Proof of Lemma 2.7 (iii). We take

b=2z.0%.(0), Pz)=2Q%.(0)-z.Q¥,(0) (3.19)

It then follows immediately from (3.9) that lim, _  b=0.
To prove the bound on f(z), by (2.6) it suffices to prove that

165022 .(0) 11,1l < Ky (3.20)

For this we use (3.12) and the abbreviation

z, =z, exp(—AY1~9) (3.21)
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to write

Using (3.10) to estimate the z derivative of ¥ _(0) and then applying (3.3)
gives

3:[2Q¥(0)]1.,

—C,_.z. fo d exp(— V0 —)

{ 9 v 0,

(3.22)

18522 ¥.(0)] 1. H<Kj dh.exp(— A" TN+ x(z;) nx(2,))]

K’ JC’O 41 exp(— AV~ [1 4 4 20—y~ 120 =)
0
(3.23)

The right side of (3.23) is finite for ¢ < 1/2 if d> 10, or for e <(d—8)/4 if
8 <d< 10. In view of (3.9), this completes the proof.

Proof of Lemma 2.7(iv). Using (3.12), we have

d

Iléiviﬁzc(0)|l=clﬂcho di exp(— AV ~¥) C—Z;Viﬁz(O)le (3.24)

By (3.1), the derivative in the integrand is given by

Vz»d—n() 27 [x(2) 2@V2P,(0) + V2¥,(0) — V2IT(0)] (3.25)

Since y(z)} =1, this gives

ISV (0| <€z, | dhexp(=2479) 1(z,) z; ' [2:2 IV 2, 0)]

+{VE.0) + VI II.,(0)]] (3.26)

To estimate the integral on the right side, we consider separately the
intervals [0, 4,] and [4o, o0), where A, is defined by z,, = (5Q2)~".

On the interval [4,, o0), z, < (582)7', and hence by Lemma 3.1 and
(3.6) the contribution to the integral from this range of 4 is bounded by L*
times a constant independent of 1. [The product of z; ! with the quantity
in brackets in (3.26) can be bounded above by its value at z, = (5Q)7"
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using Lemma 3.1; I7,(k) also has no z° term.] The contribution to the
integral due to 4 < 4, is bounded above, using (3.2), (3.3), and (3.11), by

K“Lljo di exp(— AV -9) =120 - p(3=120-2)) L 1] (327)

This integral is finite for ¢ <min{1/2, (d—8)/4}, as in (3.23).

Proof of Lemma 2.1(v). Arguing as in the proof of Lemma 2.1(iv),
(d/dz) V2 I1,(0) is bounded for large L by a multiple of L**2 uniformly in
|z| < (52)~'. Thus, it suffices to consider |z| e [(5Q) % z,). By (3.25),
(3.3), and (3.11), for this range of z we have

—1/2
> + 1:| (3.28)

1——

o
ZL‘

C

son<ni

The desired bound then follows from the definition of #.

4. PROOF OF LEMMA 3.1

In this section we prove Lemma 3.1, thus completing the proof of
Theorem 1.1. We begin in Section 4.1 by obtaining an explicit expression
for ¥_(k), then obtain bounds on this expression in terms of Feynman
diagrams in Section 4.2, and finally in Section 4.3 obtain bounds on the
Feynman diagrams. New technical difficulties, not previously encountered
in lace expansion analyses, arise both in the derivation of the expression for
¥ (k) and in the Feynman diagram bounds.

4.1. An Expression for W _(k)

In this section we obtain an explicit expression for the quantity ¥,(k)
in the equation

d . .
= LK) = [22x(z) + 1] ¥ (k) (4.1)

The basic idea is roughly as follows. Consider the N-loop contribution to
I1,(k). Multiplying by z gives an overall factor of z raised to a power equal
to the number of sites, which when differentiated gives a factor equal to the
number of sites. This factor can be replaced by a sum over sites y.
Diagrammatically this corresponds to introducing a new line emanating
from the N-loop diagram and terminating at y, which is interacting with
the rest of the diagram. If we were to ignore this interaction, as wouid be
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appropriate for an upper bound, we would obtain an overall factor of y(z)
multiplied by a sum of N-loop diagrams having an extra vertex. These last
diagrams will be finite in more than eight dimensions, and are closely
related to ¥,. However, here we are interested in obtaining an identity, not
just an upper bound, and so, to extract the factor of y(z), we perform an
expansion to remove the interaction between the new line terminating at y
and the rest of the diagram. This introduces higher-order dlagrams which
must eventually be bounded.

We follow the notation of ref. 1 without further mention. We also
introduce the following definitions. Given a < b, and a function Z,, defined
on pairs s, r with a<s<t<b, we write

Kla,b;2]= [] (142 (42)

ag<s<t<b

and

Jlab;xl= ) [l % [l (+Z,) (4.3)
Le #[ab] stel s't'e€(L)
We adopt the usual convention that an epty product is equal to unity,
so that in particular K[b+1,b;Z]=K[b, b; X]=1. We also define
Ja,aX]=1
We begin from the definition of I7,(0, x) in Eq. (2.10) of ref. 1:

mox= ¥ zwr('ﬁ‘ » z'Rf')J[o, o] (44)

w:0—x i=0 R;3w(i)
lo|z1

where the sum is over ordinary (not necessarily self-avoiding) spread-out
walks w. Differentiating gives

—(zH 0, x)) Z Y zlw*|§<n y ZiRiI)

cizw(‘);le J=0 \iti#j Riso0(i)
x Y ZRJL0, o) %] (4.5)
Risw(j),y
To simplify the notation, we will write
yi= . <z (4.6)

Ris2w(i)

with the understanding that the summation on the right side is not yet
closed and may also act on other factors [such as J[O, |w|; %] in (4.5)].
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Given a rib R, containing y and w(j), we denote its backbone from w(j)
to y by @', and consider R, to be composed of w’ and ribs attached to .
We denote the rib containing w’(k) by R;, so that R; is the disjoint union,
as sets of bonds, of @', Ry, RY,... R{,. We use y; to denote the analogue
of (4.6) with R, replaced by R} and w(i) by w'(i). We introduce an
interaction

0 if RynR;=
I @)

-1 if RRNnRj#
between the prime ribs, so that
o'
y o =y el ( VL) K0, |o'|; '] (4.8)
Rizw(f),y w:iw(j)—>y k=0

where the sum is over ordinary walks.
Using the convention that s represents the edge st if 1> s, for fixed
je{0, 1,.., ||} we have

a0\l 21= Y %LJ’)(H a, Tl (H%)) 49)

Le 2[0,|w|] sisjel re€ (L)
where
wL, =11 %, 11 (1+%.) (4.10)
ste L s't'e€(L)
5,05 f st Ej

represents the interaction among ribs other than R;. The interaction
between the prime and original ribs is given, for k # j, by

0 if ReAR,=0
V= 4.11
“ {—1 it RAR %Y (4.11)
Let
1+7= [] (+%7) (4.12)
sigje€(L)
and
L+ Uy, O0<k<!
1 = 1
* A {(1+%g,)(1+1f;), O=k<I (4.13)

For 0 <k <[, 4, involves only interactions between the prime ribs, while
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interactions between prime and original ribs are encoded in %, Then we
have

Kol [l (+#)=0+7%) JI (1+2Z)

t e b(L) O<k<i<|w|

=(1+775) K[0, (o'|; Z'] (4.14)

and (4.5) can be written

—(zH 0, x)=y Y z'w\§<ﬂ ) Y. L))

y w:0—-x J=0 \iti#j LeZ{0,|w|]
lw| =1

foo'|
< 3 z‘w’*(n v;)(1+Vs)K[0, w21 [ %,

wiw(j)—>y k=0 sisje L

(4.15)

We wish now to perform the lace expansion, by expanding and
resumming the interaction factor K[O, |w'l; % ]. First we extract the
contribution due to the simplest case, when |@'| =0. In this case we have
the constraint y = w(j), which corresponds in {4.15) to a sum over all sites
on the original backbone w. This gives a contribution to (4.15) equal to

P50, x) =3 ¥>(0, x, ¥) (4.16)

y

where

7,00, x, y)= Y I[yew]z" <ﬁ y)J[O, || ] (4.17)

w: 0—x i=0

lwl =1
For |w’| 21 we distinguish between the case where j is an endpoint of
an edge in the lace L and the case where it is not. In the latter case the
empty product [ ., %;=1 can be ignored, and we will insert Eq. (2.6)
of ref. 1, ie.,
o]
K[0, lo'[; Z)=K[1, l0'[; Z]+ ), J[0,a; X K[a+ 1, |o'}; Z] (4.18)

a=1

into (4.15). By definition of &, it follows from (4.18) that

o'l
KO, |o'[; Z1=K[1, lo'; %' ]+ ), JIO,&; Z1K[a+1, |o'[;%']  (4.19)

a=1
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Next we consider the case where L contains an edge with endpoint j.
For brevity we write in this case je L. By definition of a lace there can be
at most two edges in any lace L containing a particular site, so in this case
there will be either one or two edges in L containing j. Given an edge sje L
and a configuration for which %;= —1, let k(s, j) be the smallest k such
that R, N Ry # &, and set k(L, j)=max,. ., k(s, j). Then in (4.15) we
write

lo’]

[T #;=+3 ITk(L j)=1= i (4.20)

s:sfe L I1=0

where the last equivalence defines #/. In the above, the sign + is taken to
be +1 if there are two edges sje L, and to be —1 when there is only one
sje L; this sign will be irrelevant for our absolute bounds. Now we wish
to perform the lace expansion, this time taking into account the extra
constraint due to #; on the sums over @’ and R}. We reorganize the inter-
actions before performing the lace expansion, as follows. Fix 0</< |w'],

and let

1+, l<s<t
1+@D=( (4.21)
[T (1+ %), I=s<t
k=0
Then for 0</< ||,
K[O, |o'|; #1=K[0, 1 K[/, |w'|; #"] (4.22)

(recall that K[b, b; #"] =1). By Eq. (2.6) of ref. 1, for 0< /< |w'],
lo'|
K[L|o; % P]=KU+ 1L o' 21+ Y, JLa %) Kla+1, |0’ %']
s (4.23)
where for /=|w’| the empty sum over g is taken to be zero.
To abbreviate the notation, we write the bulk of the right side of
(4.15) as

7=y
¥

=X ¥ 3 (M%) T awy

y a|> ?:lx = niFEj LeZ[0,|w|]
w

']
x Z 21 ( I v'k) (1+77%) (4.24)
—y k=0

o(f
I |

\Vv
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with the understanding that the summations on the right side are not yet
closed. Extracting the |w’| =0 term from the right side of (4.15) and using
(4.19), (4.22), and (4.23) gives

d
7 (100, x))

— 9,0, x)+ # {IU¢L] (K[l, ;2]

||
+ Y J0,a; ] K[a+1, |w’|;”2[’]>
a=1

j'l
+1[jeL]l Y #K[0, %]

=0

jw’|
x(K[l+1, o' %' 1+ Y., JLa %] K[a+1,|w’|;%’])}
a=1+1

(4.25)

Let D equal Q! times the indicator function for the set of sites x # 0 such
that || x|l < L. Then resummation as in the derivation of Eq. (2.11) of ref. 1
gives

FIj¢ LKL, |o'|; %' 1+ 1[je L] 9, K[1, |o'|; %'])

=Y T %50, x, u)(z2D * G,)(y —u)

y u

= ¥,(0, x) zQy(z) (4.26)

This gives

% (zI1,(0, x)) = P50, x)[1 + zQ2x(z) ]
+F {Im L] %'1 JI0, @ ZT Kla+1, [0} 2]
+1I[je L] <1|§|1 W K[O, L ZT1K[I+1, | |; %]
+Y wiKD0, 1 2]

=0

||
x Y JLa#%P]Kla+1, |w'|;%’]>} (4.27)

a=1+1
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Now we define

7,0, x, y)=7, {I[jéL] IO, o' 2]

leo’|
+I[jeL] S WK[O,Lx]JL, |a)’|;@(”]} (4.28)

=0

and

7,0, x)=> ¥,0, x, y) (4.29)

The quantity ¥,(0, x) incorporates from (4.27) the a=|w’| term of the
first summation, the /=|w'| term of the second summation, and the
a=|w'| term of the fourth summation. The rest of the term involving & in
(4.27) can be resummed to give

Y S W0, x, u)(z2D « G,)(y —u) = ¥,(0, x) zQ2x(z) (4.30)
Writing
(0, x)= ¥,(0, x)+ ¥,(0, x) (4.31)

we finally have
% (zI1,(0, x)) = ¥(0, x)[1 + zQ2yx(z)] (4.32)

Taking the Fourier transform then gives
d - .
7, LK) = [1+20y(2) ] ¥.(k) (4.33)

By definition, ¥(k) is a power series in z without constant term.

4.2. Bounds in Terms of Feynman Diagrams

In the previous section we obtained an explicit expression for ¥(k) in
which it was written as a sum of two terms ¥,(k) and ¥,(k). In this sec-
tion we obtain upper bounds on these two quantities and their derivatives
in terms of Feynman diagrams. Then in the next section we show how
these diagrams can be bounded to give the results stated in Lemma 3.1. As
in the bounds of ref. 1, ¥(k) will be bounded in terms of sums of Feynman
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diagrams of an increasing number of loops, and these sums will be
bounded above by (essentially) geometric series whose ratio is the square
diagram. However, here a number of new diagrams will be encountered,
not occurring in ref. 1, and these will require individual attention.

We begin with ¥,(k), which is the simpler of the two.

4.21. Bounds on W,(k). From (4.17) it is apparent that the
diagrams contributing to ¥,(k) are given by the diagrams obtained
by adding a vertex to each line along the backbone of the diagrams
contributing to I7(k). The latter are illustrated in Fig.3 of ref. 1. By
neglecting interactions between distinct lines, these diagrams with
additional vertex can be bounded as products of the square diagram and

the diagram
[ ¢ ] (434)

(heavy dots on diagram lines represent vertices). For example, the diagram

DID (4.35)

can be bounded above by

] @52 zI:+y> Cl<[x[3 <[] 36

To prove the first statement of Lemma 3.1 for ¥,(k), it thus suffices to
show that at z =z, the diagram (4.34) goes to zero as L — oo.

The z derivative of z¥,(k) can be bounded diagrammatically as
explained at the beginning of the previous section. That is, z(d/dz) ¥, (k)
can be represented by the small quantity — ¥,(k), plus terms given by the
diagrams of ¥,(k) with an extra vertex and a line emanating from this
vertex which is interacting with the rest of the diagram. We ignore this
interaction and take absolute values in each diagram, to get an upper
bound for z positive of the form

-

[ d 1 |
L) <0+ 100 @37)
; z

Here, @, is given by the sum of diagrams which are obtained from the
diagrams of ¥, by adding an extra vertex, or in other words by the sum
of the diagrams obtained by adding two additional vertices to the diagrams
of I1(k). Note that by construction @, is a power series in z with positive
coefficients, without constant term.
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Given such a diagram, an upper bound is obtained by neglecting inter-
actions between distinct lines. For 0<z<(52) !, an upper bound on
z~ '@, is given by its value at z=(502)~", since it is a power series in z with
positive coefficients. The diagrams in @&, are then bounded by constants
uniformly in L, since by (3.6) the susceptibility is bounded by a constant.
This gives a bound on (4.37), of order z;!, for 0<z<(5Q2) . Now
for (5Q2)"'<z<z, we again bound the factor z ' from above by
5Q =0(z]'). The diagrams in @, can be bounded by following the proce-
dure used in the previous paragraph, with the difference that now we may
pull off a pentagon diagram rather than a square diagram. The bounds will
then be in terms of the square diagram and the additional diagrams

[j [$] (4.38)

1t suffices to show that these additional diagrams are bounded above by a
multiple of #(x(z)).

Finally, for the bound on ¥, |x|? ¥,(0, x) we distribute the |x|* using
the triangle inequality to obtain diagrams in which a single line is weighted
by |x|% Then we use the fact that the Fourier transform of |x|* G,(0, x) is
bounded above by

IViG.(k)| < K[G.(k) + L*G.(k)*] (4.39)

which follows from Eq.(3.22) of ref 1 and accompanying bounds.
This implies that V2%,(k) can be bounded above by diagrams already
encountered in this section.

To summarize, to prove the bounds of Lemma 3.1 for ¥,(k), it suffices
to show that the diagram (4.34) is finite and goes to zero as L — oo and
that the diagrams (4.38) are bounded above by a multiple of #(y).

4.2.2. Bounds on W, (k). The quantity ¥,(k) is given by (4.28)
and (4.24). In this section upper bounds will be obtained in terms of con-
vergent diagrams which go to zero as L — oo. Just as for ¥,(k), to obtain
the bounds of Lemma 3.1 on derivatives of ¥,(k) it suffices to show that
adding a vertex to these convergent diagrams gives rise to a result which
is bounded above by a multiple of #(x). The identification of the diagrams
which arise is tedious but straightforward, and much of the detailed
diagrammatic analysis will be omitted.

We deal separately with the contribution to (4.28) due to terms with
j¢ L and je L, beginning with the former.

Case 1: j¢l. Suppose j¢ L. Consider the factor J[O, |o'|; Z] in
(4.28) to be a sum over laces L'. For a nonzero contribution to ¥, in this
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case there are rib intersections imposed by both of the laces L and L'
Roughly speaking, these intersections give rise to a ladder diagram as for
/T with an additional ladder diagram growing from it. The coupling
between these two ladder diagrams is mediated by the first edge 0/ (say) of
the lace L', which gives rise to a factor %Z,. According to (4.13), this factor
will be nonzero only when either R R;# & or R,n R; # ¢ for some s
with sje €(L).

We begin by looking in detail at the simplest case, in which both laces
consist of a single bond. The contribution to ¥,(0, x} due to this case is

Y, Y lil (ﬂ V,-)%w T a+#)

y w:0—x J=0 Nitis#j O<s<r<|ow|
lw] =1 st #J; 5t %0 o}

|’
x (11 v;) U+7 ) Ty, 1 (1+%,)  (440)
wehyy M=o o<y

v

The factor % ,,, is nonzero only if R|,, intersects either some R,
(0<s<|wl, s#J; in which case ¥7|,;= —1), or else R, (in which case
Uy = —1). Also, the factor %, requires an intersection of the ribs R,
and R,,. This leads to the diagrams

VAN (441)
L D

which can be bounded easily using the square diagram.

Consider now the case where the laces L and L' may consist of more
than one edge. By definition of &, edges in L’ other than the first force
intersections between prime ribs and do not involve unprimed ribs. For this
reason, in diagrammatic estimates we can bound the portion of the
diagram resulting from the intersections imposed by edges in L’ other than
the first, in terms of the square diagram in the usual manner. Similarly,
since the first edge in L’ can impose only intersections between prime ribs
and unprimed ribs compatible with R; (or between a prime rib and Ry), we
can bound loops due to L which do not overlap with these compatible ribs
also in the usual way. Some examples of situations that can occur, together
with the diagrams arising, are illustrated in Fig. 1. Additional diagrams can
arise, and are depicted in Fig. 4. These possibilities have been arrived at by
a tedious case-by-case analysis which we omit.

Thus, for this case it suffices to show that the diagrams of Fig. 4
converge and go to zero as L — oo, and that the diagrams obtained by
adding an additional vertex to these diagrams are bounded above by a
multiple of #(y).
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&
= @
o
&

&) &

Fig. 1. Four representative partial laces L with j¢ L, and the intersections imposed by Zy,,
together with the diagrams to which they give rise.

Case 2: jelL. In this case, in (4.28) the value of j for which the rib
R; contains y is an endpoint of one or two edges of the lace L. We proceed
as in the previous case, this time taking into account the additional con-
straint #; [defined in (4.20)]. Again in bounding diagrams we need only
consider the first edge in the lace L’ arising from J[/, lo'|; #"]. This is
because for t> s>/ the interaction " involves only the prime ribs, and
the factor #] does not place any constraint on prime ribs Rj with k> /. We
consider separately the cases in which j is an endpoint of one or two edges
in L.

Consider first the case where j is an endpoint of a single edge sj of L.
In this case the factor #; in (4.28) enforces an intersection between R, and
R;. Suppose that the first edge of L' is /k. The factor %! in J[/, |o'|; # "]
is nonzero if and only if Z;, # 0 for some s=0,..,, /. This occurs if either R}
intersects R, for some s=0,..., [ or if R} intersects R, for some a such that
aj e €(L). Taking this into account, we are led as in case 1 to a number of

Fig. 2. Two representative laces L with j the endpoint of a single edge in L, together with
the intersection imposed by the first edge of L', and the corresponding diagrams.
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Fig. 3. Two laces L with j the endpoint of two edges in L, together with the intersection
imposed by the first edge of L', and the corresponding diagrams.

new diagrams, some of which are indicated in Fig. 2. Other possibilities
arise, but no new diagrams are required beyond those illustrated in Fig. 4.
We omit the tedious details of the case-by-case analysis showing that no
other diagrams are encountered.

For the case where j is an endpoint of a single edge of L it suffices to
show that the diagrams of Fig. 4 converge and go to zero as L — oo, and
that the diagrams obtained by adding an additional vertex to these
diagrams are bounded above by a multiple of #(y).

The situation for the case where j is an endpoint of two edges sj and
jt of L is similar. Bounds are required on the diagrams of Fig. 4 as outlined
in the previous paragraph. Some examples of how the diagrams arise are
shown in Fig. 3.

The situation is summarized in Fig. 4. In the next section estimates on
the diagrams of Fig. 4 will be obtained.

4.3. Bounds on Feynman Diagrams

In this section we complete the proof of Lemma 3.1 by showing that
for d>8 and L sufficiently large the 11 diagrams of Fig. 4 are finite at
z=1z,and go to zero as L - co, and that the diagrams obtained from these
11 by adding one vertex are bounded above by a multiple of n(y). We

OGS EHD
QDR

Fig. 4. To complete the proof of Lemma 3.1, it suffices to show that the 1l diagrams
depicted converge and go to zero as L — oo, and that the diagrams obtained by adding a
vertex to these diagrams are bounded above by a multiple of #(x).

822/67/5-6-13
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begin by considering the 11 basic diagrams and then move on to the
diagrams obtained from these by adding a vertex. Apart from the square
diagram, the diagrams of Fig. 4 are basic in the sense that they do not
decompose into products of simpler diagrams which are convergent above
eight dimensions.

4.3.1. The Eleven Basic Diagrams. For the 11 diagrams
depicted in Fig. 4 we set z=1z_ and use the infrared bound (3.4) to bound
the propagator above by a multiple of K ~2. The superficial infrared degree
of divergence (d times the number of loops minus twice the number of
lines) of an [lloop diagram is equal to (d—8), so the diagrams will
converge unless there is a divergent subdiagram. A theorem of Riesz
(Theorem 1 of ref. 8) states that the conventional power counting condition
for subgraphs suffices to prove convergence. Thus, we need only check that
the infrared degree of divergence of each subgraph is positive. The infrared
degree of divergence of a subgraph is defined in ref. 8 essentially as d times
the number of loops minus twice the number of “relevant” internal lines of
the subgraph. Roughly speaking, a line is relevant for a subgraph if it is not
shared by a loop not in the subgraph—we refer the reader to ref. 8 for the
precise definition. It is a tedious but routine exercise to check that the
required condition is satisfied for each of the 11 basic diagrams, and hence
they are all finite.

To see that the 11 basic diagrams go to zero as L — oo, we first note
that by ref. 1, (3.14), and ref. 9, (5.30), for £ #0

lim G, (k)=g, (4.42)

L —

Since the diagrams are bounded above by their values at z, it suffices to
consider z = z,. By (4.42) and the dominated convergence theorem, the ten
diagrams without the constraint that loops not shrink to a point converge
to g7, where I is the number of lines in the diagram. Since this is the
contribution to the diagram when all vertices coincide, the diagram with
loops constrained to be nontrivial must converge to zero as L — 0.

4.3.2. The Eleven Diagrams with Added Vertex. The 11
diagrams with added vertex cannot be expected to be finite at the critical
point for all d>8, as the superficial infrared degree of divergence
I(d—8)— 2 is negative for d near 8. However, for > 10 this is positive and
it can be seen as above that for d> 10 the infrared degree of divergence of
each subdiagram is positive, and hence by Theorem 1 of ref. 8 the diagrams
are all finite.

For d< 10 the manner of divergence of the pentagon diagram can be



Branched Polymers in High Dimensions 1037

estimated as follows. By (3.4), for z less than but near z, the pentagon
diagram is bounded above by a multiple of

f 1 d%

4.43
ot T2+ T 2)° (443)

By making the change of variables k' = ky(z)'/? it is easily seen that this
integral is order

1 (d> 10)
l+lny  (d=10)
70-D2  (d<10)

and hence [comparing (3.7)] is order n{(y).

To see that the remaining ten diagrams are also order y(y), we will
appeal to Theorem 2 of ref. 8. In preparation for this, we again scale all
momenta in the integral representing a diagram as was done for the
pentagon. This results in an overall factor of x(z) "“~®/7*! multiplied by
the same diagram with propagators [(k’')>+ 1] 7! and integrations ranging
over [—my*?, ny*?]% We denote this latter diagram by #(/ d, x). A
diagram #(/, d, ) is infrared convergent, but may be ultraviolet divergent
as y— oo. The subdiagrams giving the maximum ultraviolet degree of
divergence (d!/ minus twice the number of lines of the subdiagram) are
the full diagrams with ultraviolet degree /(d — 8) — 2. Hence, by Theorem 2
of ref. 8, we have upper bounds given by multiples of

#(, d x)g{I d<8+2/1 4

821 +1ogy),  d=8+2/

Multiplying by the overall factor y(z)~"“~®/2+! then gives an upper
bound for the original diagram of the form

(B (d<8+2l)

(4.45)
(I1+logy) (d=8+2/)

If d=10, then d> 8+ 2/I. Thus, we have a bound (1 +1log x)* for all
diagrams. If =9, then d <8 + 2/I only for the one-loop diagram, which is
then bounded above by order x'/2. Higher-loop diagrams are bounded by
powers of logarithms of y and hence are also bounded by order x'/?. This
completes the proof.
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